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The in te rac t ion  between p r e s s u r e  waves and a burn ing  surface  is analyzed within the f ramework  of l i nea r  theory 
of acoust ic  ins tabi l i ty  of compacted sy s t ems .  The na tu re  of this in te rac t ion  is descr ibed  by the acoust ic  admi t tance  of 
the eombust ion zone. 

To solve the acoust ic  p rob lem the model of the combust ion  zone mus t  be s implif ied to include only the pr inc ipa l  
cha r ac t e r i s t i c s  of the combust ion  mechan i sm [1-5].  In one of the mos t  r eeen t  papers  [5], a fo rmula  for the acoust ic  
admit tance of a burn ing  surface  was obtained with al lowance for the exothermal  chemical  reac t ion  in the condensed 
phase (k-phase).  As d is t inc t  f rom [1,2], it was a s sumed  in [5] that heat  r e l e a se  in the react ion zones is eons tant  under  
nons ta t ionary  condit ions.  The ana lys i s  was l imi ted  to per tu rba t ion  f requencies  on the order  of 104 Hz, inwhich ease the 
ine r t i a  p roper t i e s  of the t he rma l  l ayer  in the gas phase of the combust ion  zone need not be taken into account .  

In the following, the ana lys i s  developed in [5] is applied to the case of higher f requenc ies ,  for which 
nons ta t ionary  p roees se s  in the the rmal  l ayer  of the gas phase a re  appreciable .  It is a ssumed  that at f r equenc ies  up to 
105 Hz, the d imens ions  of the combust ion  zone in the gas a re  much sma l l e r  than the length of the acoust ic  wave and 
that the p r e s s u r e  in the combust ion zone is a function only of t ime.  

1. Combus t ion-zone  model and ma themat i ca l  r e l a t ions .  The p rob lem is analyzed in a o n e - d i m e n s i o n ~ I s t a t e m e n t  
for a s emi - in f in i t e  region.  The combust ion  zone model is shown in Fig.  1, where (1) is the t he rma l  l ayer  in the k-  
phase free of chemical  reac t ions ;  (2) is the chemical  r eac t ion  zone in the k-phase ;  (3) is the heated zone in the gas 
phase,  where chemica l  reac t ions  may be neglected;  (4) is the reac t ion  zone in the gas; and (5) a r e  the end products  of 
propel lan t  combust ion.  

t t ~ i r  i .~...~. 
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Fig.  1 

Analys is  of cha rac t e r i s t i c  t imes  for var ious  zones shows [1,3] that for f requenc ies  on the o rder  of 105 Hz, the 
the rmodynamic  para me te r s  and ra te  of burning  in zones 2 snd 4 a re  capable of responding  to p r e s s u r e  var ia t ion ,  while 
nons ta t ionary  p r o c e s s e s  are  p a r a m e t r i c a l l y  t ime-dependen t  through the boundary  condit ions.  Nons ta t ionary  heat-  nnd 
m a s s - t r a n s f e r  equations must  be used in zones (1) and (3). 

We a s sume ,  as in [5], that the chemica l  reac t ions  in the gas phase and k-phase  occur within a na r row 
t empe ra tu r e  range  c lose  to the surface  t empe ra tu r e  T s and to the i sobar ic  f lame t empera tu re  T2, while the hea t -  
r e l ea se  va lues  in the reac t ion  zones are  constant  and equal to Q1 and Q2, respec t ive ly .  

Let us der ive  equations which re la te  the l i nea r  d i s tu rbances  of the thermodynamic  p a r a m e t e r s  to the b u r n i n g -  
ra te  d i s tu rbances  in regions  (1)-(4).  

a) Heated zone in the k-phase .  Zone (1) is the mos t  ine r t i a l  zone, where heat propagat ion p r o c e s s e s  a re  
desc r ibed  by the nons ta t ionary  heat  conduction equation without heat sources .  If the p r e s s u r e  p and the burn ing  ra te  u 
exper ience  smal l  ha rmonic  per tu rba t ions  at a f requency w, then by solving the equation for the ampli tude 5T of the 
t e m p e r a t u r e  d i s tu rbances  for the boundary condit ions:  

x =  --cr ST= O; x=O, ST= 8T s 

we find that 
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/31,2 = t 4 -  ] / ' r - ~  4ig2, ~ • ul  - - ,  (p = ( T s - - T o )  
- -  Ul 2 ~ 1  

where ~41 is the thermal diffusivity of the k-phase, and 

�9 , \2• J 

Different ia t ing (1.1) and set t ing x = 0, we obtain an equation re la t ing  t h e d i s t u r b a n c e  ampli tudes of the mass  
burn ing  rate  5m 1 = p16ul, t empe ra tu r e ,  and t empera tu re  gradient  at the r ight -hand boundary of the t he rma l  layer  in 
the k-phase  

(1.1) 

q9 2 T s - -  To 2 ~  m 

Here,  m = p~ut is the s ta t ionary  mass  burn ing  ra te ,  and pt = coast  is the densi ty  of the k-phase.  

This re la t ion  was obtained under  the assumpt ion  that the extent of region (2) and the t empera tu re  difference at 
i ts  boundar ies  a r e  smal l .  Region (2) is cons idered  condit ionally to be a sur face  that coincides with the p rope l lan t -gas  
in te r face  (x = 0). 

b) Reaction zone in the k-phase .  The equations for  the veloci ty front  of a z e r o - o r d e r  chemical  reac t ion  can be 
wr i t ten  in quas i - s t a t i ona ry  approximat ion  in the form [6] 

T 
S 

~,1 (%2  __ q)~.) = _ _  2p1Q1 i (91 (T)  dT, X1 (~ - -  q)s) ~ mQ1 

To 

(1.3) 

where,  ~0 and ~Ps a re  the t e m p e r a t u r e  gradients  at the cor responding  boundar ies  of the reac t ion  zone, k~ is the the rmal  
conductivi ty,  and ~1 is the reac t ion  ra te .  

L inea r i z ing  (1.3), we a r r i v e  at the equality 

m Ts - -  To q~ C?, (T  s ~ To)  ' m~Cp, ] 
(1.4) 

where  Cpl is the heat  capacity of the k-phase.  

c) Heated zone in the gas .  The re la t ions  which we shall  now der ive  a re  intended to re la te  the d i s tu rbances  in the 
reac t ion  zone of the k-phase  and its the rmal  l ayer  to the d i s tu rbances  in the react ion zone of the gas phase.  The 
boundar ies  of these zones a re  therefore  subject  to ana lys i s .  

We wr i te  the heat balance equation in the form 

rn lCp ,  T s - -  ~'FP = rnoCp~ T 2 - -  ra 1 Q1 - -  m2Q2 - -  A Q  (1.5) 

where  Cp2 is the heat  capaci ty of the gas.  The quantity AQ charac te r izes  the amount  of heat specified by the p resence  
of a t ime  lag in the induction zone. F r o m  the nons ta t i0nary  heat conduction equation for this zone, it follows that 

XI' 

0 

where P 2  is the densi ty  of the gas mix ture ,  and x 1' is the width of the induction zone. 

With the aid of the equation of state P I P 2  = RT, a s suming  that p = p(t), we obtain 

AQ-- t ap zl, ( ' r=Cv /C , )  (1.6) 
T - - t  Ot 

Linea r i z ing  (1.5) with al lowance for  (1.6), we finally get 
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( l  + )Sm~ ( t  )6 ,~ 6~ 6G 16T2 5p t.tl ~ -  -- \ ~  -- ~ - -  -- - -  -~ = i ~ X - -  (1.7) 
m T T s - - T o  *r Te p 

w h e r e  

- -  To Cp, (T s -- To) ~t~. -- Qo , Z xl"rnp 

F r o m  the  so lu t ion  of the  n o n s t a t i o n a r y  cont inu i ty  equa t ion  in t he  h e a t e d  zone  we ob ta in  the  r e l a t i o n  b e t w e e n  the  

d i s t u r b a n c e s  of the  m a s s  bu rn ing  r a t e s  

am _ 0p ( 1 . 8 )  
Ox Ot 

L i n e a r i z i n g  (1.8) and i n t e g r a t i n g  f r o m  0 to x'l, we  obta in  

5rnl  - -  i ~P  
T (~) 

0 

(1.9) 

w h e r e  T(x) is  the s t a t i o n a r y  t e m p e r a t u r e  d i s t r i b u t i o n  in t he  hea t ed  zone  of t he  gas  p h a s e .  An a n a l y t i c a l  e x p r e s s i o n  for  
T(x) can  be  ob ta ined  by i n t e g r a t i n g  the  s t a t i o n a r y  h e a t  conduc t ion  equa t ion  in zone  (3) fo r  the  boundary  c o n d i t i o n s  

AS a r e s u l t ,  we get  

x =  0, T =  Ts; x =  x(, T = Tz 

T2 --- Ts [ mCp2X l l 
T ( x ) = T  8-}-exp(mcpxl,/~,)_t[ exp ~ - -  ]" " " (1.10) 

Subs t i tu t ing  (1.10) into (1.9),  a f t e r  s o m e  s i m p l e  t r a n s f o r m a t i o n s ,  we  obta in  the  equa l i ty  

5m~ _ 5rn~ = iP~O 5;o ( 1 . 1 1 )  
m m p 

w h e r e  

pl~,lCp~ (T - -  1) Xl' mCp~ T s j  \ e x p  (mCp:X~" / ~,~) - -  t 

The  s t a t i o n a r y  h e a t  conduc t ion  equa t ions  fo r  the  c o n d e n s e d  and gas  p h a s e s  can  be u s e d  to d e t e r m i n e  the  wid th  of 
the  conduc t ion  zone  x '  I. I n t e g r a t i o n  of t h e s e  equa t ions  wi th  a l l o w a n c e  f o r  the d i s c o n t i n u i t y  of  the  h e a t  f l ows  a t  the  
b o u n d a r i e s  of zone  (2), unde r  the  a s s u m p t i o n  tha t  the  t e m p e r a t u r e  a t  the r i g h t - h a n d  boundary  of the  induc t ion  zone  
d i f f e r s  only s l i gh t l y  f r o m  the  f l a m e  t e m p e r a t u r e  T2, a l l o w s  us  to e x p r e s s  x '  1 in the  f o r m  

~'~ In cp~ (Te  - -  Ts) -[- [cl (Ts - -  To) - -  0 1 ]  ~,~/~,1 

m%~ (~.~ / ;~1 [ci (T~ - -  To) - -  Qx] ~2 / L1 
(1.12) 

d) C h e m i c a l  r e a c t i o n z o n e  in the  g a s .  In th is  zone ,  the p r e s s u r e  and t e m p e r a t u r e  d e p e n d e n c e  of the  f l a m e - f r o n t  
m a s s  p r o p a g a t i o n  r a t e  m = m(p ,  T2) m a y  be a s s u m e d  known. In a c c o r d a n c e  wi th  Z e l ' d o v i e h  and F r a n k - K a m e n e t s k i i ' s  
f o r m u l a  fo r  smai1  p e r t u r b a t i o n s ,  we  h a v e  

Olnu (1.13) 

2. A c o u s t i c  a d m i t t a n c e .  S ince  the  l eng th  of the  a c o u s t i c  w a v e  fo r  f r e q u e n c i e s  on the  o r d e r  of 105 Hz is g r e a t e r  
than  the  wid th  of the  c o m b u s t i o n  zone  by at  l e a s t  an o r d e r  of magn i tude ,  the  f r o n t  of the  c h e m i c a l  r e a c t i o n s  in the  gas  
can  be  c o n s i d e r e d  to c o i n c i d e  wi th  t he  s u r f a c e  of the  k - p h a s e .  

The  a c o u s t i c  a d m i t t a n c e  of such  a s u r f a c e  m a y  be  w r i t t e n  in d i m e n s i o n l e s s  f o r m  a s  

ou~ (2.1) 
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w h e r e  p and e a r e  the  gas  d e n s i t y  and the speed  of sound in the  g a s ,  r e s p e c t i v e l y .  

F ig .  2 

In add i t ion  to the  g e n e r a t i o n  of an  i nc iden t  and a r e f l e c t e d  wave ,  i n t e r a c t i o n  of a p r e s s u r e  w a v e  wi th  the  burn ing  
s u r f a c e  c r e a t e s  a l s o  an e n t r o p y  w a v e  which  p r o p a g a t e s  at the s a m e  v e l o c i t y  as  the g a s  f low [4]. It  can be shown tha t  
wi th  a l l o w a n c e  fo r  the  i n e r t i a  p r o p e r t i e s  of zone  (3) and the  p r e s e n c e  of the  en t ropy  w a v e ,  the  f o r m u l a  which  r e l a t e s  
the  d i s t u r b a n c e s  of the  gas  v e l o c i t y  wi th  t hose  of the  t h e r m o d y n a m i c  v a r i a b l e s  at  the  boundary  of the c o m b u s t i o n  zone 
has  the  f o r m  

8u2 __ 5ml 8T2 (1 + i~0) 6--P ( 2 . 2 )  ~ i - ~ - -  p 

E x p r e s s i n g  6m 1 and 6T 2 t h rough  6p wi th  the  aid of  (1.2), (1.4), (1.7), ( l A D ,  and (1.13), and Subs t i tu t ing  the  
r e l a t i o n s  ob ta ined  into Eq .  (2.2),  we obta in  a r e l a t i o n  b e t w e e n  5u 2 and 6p wi th  the  a id  of which  we  de f ine  the a c o u s t i c  
a d m i t t a n c e  in the  f o r m  

~ = 7 - ~  l - - v §  + 

.~_ ig}(~ .t.2) 0 ( l - - z )  ~- S-}-8 [0 (2 --  [11) -}- S ] } __ }fl -{- 4 i~--  I 
( i ~  v . . . . .  z 2iga 

( _ ;  = (_2 - - - 1) _ ,  -' - ( 2  . a )  

A c o u s t i c  w a v e s  r e f l e c t e d  f r o m  the b u r n i n g  s u r f a c e  a r e  a m p l i f i e d  if the  r e a l  p a r t  of (2.3) is n e g a t i v e .  By b r e a k i n g  
up (2.3),  we obta in  

( ~ u ~ )  h(x)+2Bbz(aa--O(x--x')--s+*2 a (xa-- i) ]~ (x) (2.4) Re =--]=(x)-l-2baa(xa--1)(a--xa) 2 la (a) + 2bax (aa-- I) (x- -  z=) 

w h e r e  t h e  f o l l o w i n g  s p e c i f i c a t i o n s  a r e  i n t r o d u c e d  in  c o r r e s p o n d e n c e  w i t h  [5]: 

x = [0.5 + "o.5 (i + i6~,)'/~] '/, 

*1 = (Z1 - -  I) [(2 -- ~i) (2e -- 8v + v%) -- 2 (2 -- ~a) (e -~ v%) e -- (i -- v) (2 --  e) -p 

~- g -~- ~)Ta] [(2 -- ~tl) )(~ -]- ~Ta) -- (I - -  u [I --  (2 -- 9,)el-r 

% =  2 ( e - -  i) ( z l - - i )  [ (2 - -}h )e - -  i] -I 

['a (x) = alx = z[_ bl x_~  cl ' /2 (x) = (t -- e)x 2 + (1 -- e2)x + 2e, /a(x) = aax ~ + bnx-~- ca 

a~ = (I - -  e)[v (~a + I) - -  (I - -  8)], a~ = (I - -  ~ ) ( 0  + oe) (z, - -  I) -I 

b 1 = v (1 + eta) - -  (t - -  ea), ba = (3 - -  ~,) (O + at)  (h  -= t) -1 

cl = s (v --  2) --  v*2, ca = 2 (0 + ~e) 

5' = [(2 -- l~)(s + w ~ )  - -  (1 -- 'v)] [2 (z~ -- t)1-1, b = [e (2 -- t~l) -- i] [2 (z~ -- t)]-x 

Wi thout  a l l o w a n c e  f o r  the  i n e r t i a  p r o p e r t i e s  of the  induc t ion  zone ,  the f o r m u l a  fo r  the a c o u s t i c  a d m i t t a n c e  wi l l  
con t a in  only the  f i r s t  t e r m ,  wh ich  c o i n c i d e s  exac t l y  wi th  tha t  obta ined  in [5]. The  s econd  t e r m  c o m p e n s a t e s  fo r  the 
i n e r t i a  p r o p e r t i e s  of t he  gas  p h a s e ;  i t  b e g i n s  to have  e f f e c t  only at f r e q u e n c i e s  g r e a t e r  than  10 a Hz.  This  i s  c l e a r l y  
d e m o n s t r a t e d  in F i g .  2, w h e r e  v a l u e s  of the  a c o u s t i c  a d m i t t a n c e  a r e  shown as  a func t ion  of the  f r e q u e n c y  f (in Hz) in 
the  f o r m  of the  c u r v e s  (1) {0 .5 ,  0.9},  (2) {0.7,  0.9},  and (3) {0 .5 ,  1.1}. H e r e ,  the  b r a c e s  show c o m b i n a t i o n s  of the  
p a r a m e t e r s  e ( f i r s t  n u m b e r )  and u ( second  n u m b e r ) ;  the  dashed  c u r v e s  c o r r e s p o n d  to c o m p u t a t i o n s  f r o m  f o r m u l a  (2.4) 
in which  the  s econd  t e r m  is  n e g l e c t e d .  It  c an  be  s e e n  tha t  c o m p e n s a t i o n  fo r  the  i n e r t i a  p r o p e r t i e s  t ends  to  widen  the  
a c o u s t i c  i n s t ab i l i t y  r e g i o n  a t  e l e v a t e d  f r e q u e n c i e s .  
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